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e  The paper develops a mathematical model of the diffusion process using Caputo fractional-order derivatives with
respect to time. The problem solution was obtained in an analytical form through contour integration methods. An
analytical solution provides explicit expressions for the diffusion behavior across the entire time range, including
both short- and long-time ranges. The emphasis on analytical solutions arises from the sensitivity of fractional-
order models to variations in the derivative order, and the implementation of numerical methods does not always
allow for reducing the discretization step. Literature analysis indicates that even slight changes in the fractional
derivative order can lead to significant differences in results. Therefore, it is crucial to obtain the results in an
analytical form that will allow us to adapt and optimize them in relation to real information about the process
being modeled.

Keywords - mathematical modeling, fractional calculus, diffusion processes, methods for solving boundary value
problems, methods of complex variable function theory.

Introduction. Partial differential equations of fractional order, being a generalization of integer-
order partial derivatives, have not only theoretical interest but also great practical significance. Fractional
calculus has found applications in physics [1-8] and mechanics [9-12]. The modeling of multicomponent
gas motion in porous media is primarily based on diffusion and filtration processes, which in their
classical form are described by partial differential equations. The history of the process plays a significant
role. In numerous instances, including gas filtration in underground storage formations and liquids, the
history of the process plays a significant role. It is well known that fractional calculus is effectively used
for modeling processes of this type. Studies [13-15] have shown that employing time-fractional
derivatives provides a much more accurate description of gas extraction and injection processes in
underground storage facilities. Modeling such processes typically leads to solving nonlinear differential
equations in terms of fractional-order derivatives, or their systems, with variable coefficients (often
discontinuous) under conditions of considerable uncertainty [16—-18]. The motion of a two-component gas
that mixes in a porous medium is a typical convection—diffusion process [13,19].

The purpose of this work is to construct a mathematical model of diffusion based on the
application of time-fractional derivatives under conditions of uncertainty. It should be noted that many
boundary-value problems involving fractional-order derivatives are solved using the Laplace integral
transform and the apparatus of Mittag-Leffler functions [20]. However, when the input data are known
with low accuracy, the studied processes are sufficiently slow, and large time intervals are considered, the
use of Mittag-Leffler functions becomes problematic due to the rapid accumulation of irrecoverable
errors. At the same time, it is known that diffusion coefficients depend on both pressure and temperature.
In mathematical modeling of mass transfer processes in gas transportation systems (including modeling
the operation of underground gas storage facilities), these parameters are typically known with low
precision (usually 3-4 significant digits). One way to overcome these challenges is to construct
asymptotic solutions.

The diffusion process without considering the convective component is described by a differential

equation [15,19,21].
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under the given boundary conditions, where the parameter D denotes the mutual diffusion coefficient of
substances A and B. A significant number of formulas have been developed for its determination, in

particular [21]
TLS 1 1)
DAB=—2(—+—J , )
p(op+og) \Ma Mg

where p,T - pressure and temperature in the system, m, ta mg - gas masses, o, Ta og - Leonard-

Jones potential parameters.
Saxena M. and Saxena S. proposed the following modified Sezeland formula [21] for calculating

the mutual diffusion coefficient of gases D,g (cm?/s)

1 1)
ATl'S(m+mJ
Dy = L8 , 3)
p(VA®+Va®)[1+(BTae /T)]

where V,, Vg, T4 Ta Ty - critical volumes (cm®/mol ) and gas temperatures (°K ), p - pressure in

atmosphere, Tpg =(TaTg )0'5. For non-polar gases A=0.022023 and B =1.1756, whereas for systems

consisting of a combination of polar and nonpolar gases, A=0.022023 and B =0.90116 .
If the self-diffusion coefficients of gases D, and Dgg are known, then

My +m
Dpg = |—2——B [DuaDgs - 4)
AB 2 !mAmB AA™~BB

1. Definition of fractional derivatives.

The most commonly used fractional derivative operators are the Caputo and Riemann-Liouville
operators. In terms of Caputo, the derivative of fractional order is defined as follows [6-12]:
am+1
c Da _ 08a§0(7) _ 1 T a§m+1 go(é:)
¢ or% F(m +1—a) 0 (z'—f)afm
where m=[a] — the integer part of a real number « , and in terms of Riemann-Liouville -

dg ©)

o Caa 1 am+1 T
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The following relationship exists between the Caputo and Rimmann-Liouville derivatives [12]
o o m Tk_a ak
CDT(D:Dr(D_Z K9P (7)

2. Problem statement.

Consider a layer of a certain thickness, on the surface of which a gas injection source is evenly
distributed. In particular, this may be a stratum of an underground gas storage (UGS), which contains a
water layer of thickness | located below the porous medium where natural gas is stored. Depending on
pressure and temperature, part of the gas diffuses into the water layer. This raises the problem of
estimating the amount of gas that diffuses into the water. In the classical case, such a process is described
by a partial differential equation [22,23,24,26]. Since the diffusion coefficient depends on pressure and
temperature, both of which vary over time, it is reasonable to generalize the existing model by
incorporating the process history. As shown in works [16,13,14,15,18], when mathematically modeling
mass transfer processes in porous media, it is advisable to use fractional-order derivatives with respect to
time to account for the process history. Considering the above, we will describe diffusion processes using
a differential equation with a Caputo fractional derivative with respect to time
CAa 2
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(8)
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for 0<a <1. Where t - time, and x - variable coordinate. Let us assume that at the initial moment of
time

c(x,0) =X, + XX,
at the lower boundary (x =0 ) zero concentration is maintained, and at the top boundary (x =1 ) at the
initial moment of time, a concentration equal to d . Under such assumptions

c(x,0)=%x.

In the Laplace-Carson space, the fractional derivative of Caputo has the form [25]

T

SN S VG U
L( DT)_L[F(l_a)E').(T_g)adé’t}_p [F(p) f(o):| (9)

Then, in Laplace-Carson transform, equation (8) will have the form
o 0%t
p [c—c(x,O)]:Dy, (10)
where pis the transform parameter, and ¢ (x, p) is the original Laplace-Carson transform. If we
introduce the notation

P = pa/D v G = p“C(X,O)/D,
then in Laplace-Carson transform, equation (10) will be

C'— P =0y (11)
Characteristic equation corresponding to the homogeneous differential equation (11)
2
z°—-p. =0

has the following roots

pOC
212 =i1’3 .

The general solution of the homogeneous differential equation (11) will be
C.(x, p)=Ae™ +Be™.
With this initial distribution, the partial solution will have the form

_ d
(X p)= TX:
Thus, the general solution will have the form
T, (x, p)=Ae"" +Be™" +%x . (12)

As noted, at the lower boundary the concentration is maintained at zero, and at the top boundary we
accept that it is

c(l,t)=d+cy (1-e") (13)

where ¢ parameter characterizes the rate at which the concentration reaches a steady state, and ¢y -

some coefficient, which is defined as the difference between the maximum concentration value and its
initial value at the upper limit. The Laplace-Carson transform of this boundary condition (13) will be

c _ __P
c(l,p)_d+00,(l p+§]' (14)

Taking into account the above, to determine the constants in the general solution (12), we obtain the
following system

A+B=0, Ae% +Be? =¢,

o

where

= _ __b
ca_2d+c0|(1 p+§]’ (15)

and the solution of which is
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A-_Ce  po___Ca
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After substituting the parameters A and B into equation (12), a general solution is obtained

g, (x, p)=%(e“x —eZZX)+?—x ,

el _p%
sh(xa/ p%/ D)

sh(l,/ p“ / D)
The last formula is a solution to the problem formulated above in the Laplace-Carson transform. To find
the final solution, it is necessary to move from the Laplace-Carson transform to the original. Several ways
can be used for this.

e Apply numerical methods.

e Apply contour integration methods in the complex domain, which ultimately bring into numerical

calculations of the corresponding integrals.

e Apply approximate methods known in the literature.

Works [13,14,18] show that mathematical models of processes using fractional derivatives are
sensitive to the order of the fractional derivative. Therefore, the application of numerical methods is often
problematic. Moreover, in the mathematical modeling of many physical processes, the most informative
time intervals are typically the start-up (transient) and steady-state regimes, corresponding to small and
large times, respectively. In this regard, we will proceed to finding the asymptotics of the desired solution

for large and small times.
Equality (16) will be written using the Dirichlet series in the form

g, (x,p)=C, (e_zl('_x) —eal) ) x i(—l)je‘”zl' + % . (17)
=

or

¢, (x,p)=t, +%x. (16)

3. As follows from equality (17), to find the original c(x,t), it is necessary to know the original
of the Laplace-Carson transform
G(Bw,p)=p” 20~ w0 (18)
which is not listed in the existing tables of correspondence between originals and Laplace-Carson
transforms.
The function G(,B,W, p) is unambiguous and analytical on a space p with a section along the

ari

negative real axis (Fig. 1). At the top section I, we have p =,oe”i ta p% = p“e””, and at the lower -
p:pe"Zi ta p*=p%e *". Since point p=0 is a branching point, we will calculate the original

g(B,w,t) using formula [25]
1 _ _wn/2
g(ﬁ,W,t):—Z_mIeptp ﬂ/Ze wp dp, (19)
/4

—ari

where the integration is performed counterclockwise (Fig.1), and j :j +I +I .
Il

14 I, Co

T
—
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Let us find the value of the integral along each of the contours, in particular along the contour ¢,. Let's
assign p =re'?. We will obtain

wp/2 —wr/? cos 2
pt &
j e dp(<
2
p?/

al2

—wp
e
JJe"

1-B/2 1t
pﬁ/z rdep <2zr e —0.

(P72

|dp| _ ]‘[ ortcosy €
Co Co -7
Under the condition 1-/2>0= B <2. Since the integral over the circle is zero, then from formula
(19)

(ﬂ t I pt Wpa/z ] I pt —w a2 . .[ > e ( )a/2pa/2 +e*W(*1)a/2pa/2 . (20)
w, e + 1€ e .
N P NE p= e P
In formula (20), we will make a replacement pt = u?. Then p=u /t , dp=2udu/dt, and
g(B,w,t) =WX{IGXP(—UZ +w1u°‘)u1’ﬂdu + jexp(—uz —Wlu“)ul’ﬁdu . (21
- 0 0

where it is indicated

a2
w(-1)
W =,[D,T -

4. Let's figure out the behavior of the original ¢ (ﬂ,w,t) for t > .

1. Obviously, for t—>oo is satisfied |W1|=—)0. To simplify the notation, we find the
asymptotics for large times of the integral

2 “ 2 a
g ﬁ,W,t =~ |evtW ul’ﬁdu =
1( ) (_1)ﬂ/2 tl_ﬂ/z .([

2

-2 1 WA
(:L)MTMJ‘G (1+W1U +2 )du (22)

Similarly, the formula is obtained
2 o0
g (Bwt)=

Ie‘“zJ’Wi“a uPdu = [1 wu +; wAu 2O‘Jdu (23)
Since, according to (21)-(23)

- ;J‘efu
(_1)/3/2t1—/3/2 : ( 1),6/2 1-p/2

a(B.w,p)=0,(Bw,p)+9,(BWp),
then

_; i —uz 1 2 2a
g(ﬁ,w,t)—(_l) i ! e (1+ - jdu (24)

Under the following conditions [Rea,Rep>0], or [Rep=Req=0,Imp=0], or
[0<Rex <2, Rep=Req=0, Im p=0] the following equality is valid [27]

R T(a) /s q
G S N et L L (—J

In the last formula, D, (z) is the function of a parabolic cylinder [27,28,29]. If p=1, =0, then
j x“ e dx = 1“(,u)2"’/2 D_,(0).

Since

Nz
r((«+1)/2)’

., (0)=2"

then
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VAT (u)

i x4 g gy =p N —u).
| EE
Thus, from (24) for large values of time, we obtain the following behavior of the original
4 1
g(ﬂ,w,t)=Wx[ﬂ(ﬂ—2)+zwﬁ2(ﬂ—2a—2)}.( 25)

2. At the extreme right singular point, an asymptotic expansion occurs

3
sh(xJp“/D):xJp“/D+%(x\/p“/D)
a 1 3p” 12p”
sh(xalp /D)~x+6x D xMeX DNK{ 1 a]
| 6

Then

Sh(I\/p“/D) |+é|3'§ '1+1|2"§

and in the vicinity of a special point

1_ x|[d+cy ¢y € 12 - x? ol ¢ @ p?ig

=g, (x,p)="4—2 -0 0 p_ (d+co,)p—+i'(lz—x2)p—+p (Iz—xz)

p I p ¢ < 6 D 6 ¢D 6D
Using Tauber-type theorems [30] leads to the following formula for finding the asymptotic behavior of
the original for large times

X 12— x? e

s Col (|2_X2) tfafl +d(|2_x2) t72a
F(l—a) 6D F(—a) 6D F(1—2a)

5. Let's figure out asymptotic behavior g (ﬂ,w,t) for small time values.

Let's find out the asymptotics of the integral

L (B,w,t)= jexp(—uz +w1u"‘)u1‘ﬂdu (26)
0
For small time values. Function

f(u)=u®-wu*

] Z[aw(—l)“/z ]21

2ta/2

has an extremum at the point

At the point of extremum

f (1) = =% £()=2(2-a)

And the following formulas are valid
W =P (1 )

f(u)=f (up)+ f"(up)(u=vp)".
Using the above formulas, we can rewrite formula (26) in the following way
(B w,t)=e ") l:uéﬁ.[exp(— f"(ug)(u—ug )Z)du + (1—ﬁ)ugﬁ.|'exp(—f "(ug)(u —uo)z)(u —uo)du},
0 0
where from

L (Bw,t)=¢ ") {ﬂuéﬁje‘f"(”")(”‘“f’)z du+(1- ﬁ)ugﬁJ'e‘f"(”‘])(”_“‘))2 udu:l. (27)
0 0
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Under the conditions [Re p > 0], or [Rep=0, Imp =0, Req>0] the following equality is valid [27,28]

T X2 — X 1|z (qz/(4p)) q
e P ¥dx == [Ze erfc| — |,
! 35 5]

and under the conditions [Re p>0], or [Re p=0, Req > 0] the following equality is valid [27,28]

0 n i
0 2 \poag" 2/p

Here erfc(x) =1—erf (x), where erf (x) - is the probability integral [18, 27, 29]. Taking into account the
latest formulas, from (27) we obtain

'1(ﬂ:W,t)=%U5ﬁexp[—f(Uo)—f”(Uo)Ucﬂx ﬁ{ﬂuoexp(ugf"(uo))erfc(uo f”(uo))—

0 q<2 ) g @
~(1-p) et erf{—/TJ

« 2\f (UO) q=2u, f"(ug)

The asymptotics of the integral
I, (B,w,t)= jexp(—uz —wu” )ul’ﬂdu
0

is obtained from the asymptotics of the integral 1, by replacing w with —w , therefore

L(Bwt)=1(8,-wt).

Thus, for small times from formula (21) we obtain

2 I (B.w,t)+ 1, (B, —w,t
g(Bwt)= [ ((_1)g/zt1_(ﬂ/z )]

6. Solution of the formulated problem.
With formula (21), we can now find the solution to the formulated problem. To do this, formula (21)
should be applied to each term of the Dirichlet series (17), using the convolution theorem [25]

F(p)G(p)ﬁ%if(t—r)g(r)dr.

It should be emphasized that, in modeling many physical processes, it is essential to obtain accurate and
reliable solutions within the most informative space-time zones. Quite often, these zones correspond to
start-up (transient) regimes associated with small times or steady-state regimes, particularly when
constructing balance-based mathematical models. In such cases, it is sufficient to have a solution of the
boundary-value problem for small or large times. If we limit computation to the first term of the series

expansion (17)
¢, (x,p)~C, exp{—(l —X), f%} +%x ,

then the behavior of the original over time in the border zones c(x,t) can be calculated in several ways.
One of them is to use the original convolution theorem. Another way could be the following. Since the
original is known

4

r(1-a)t” ,

then it is easy to determine the behavior of this original for small and large times. Next, we apply the
principle that the asymptotic of a product equals the product of the asymptotics of each factor [30].

c, (t)=d+cy (1—e’4t)—

Discussion and conclusions. The paper presents a mathematical model of diffusion taking into
account the Caputo fractional derivative with respect to time. The choice of the fractional derivative with
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respect to time is justified by the fact that the diffusion process, like filtration processes, currently
depends on the behavior of these processes in previous periods. Since the fractional derivative parameter
significantly influences the modeling results, the Laplace—Carson integral transform is used extensively in
constructing the mathematical model of the diffusion process. This yields a solution in the transform
domain, which must then be inverted to obtain the original function. Existing tables of correspondences
between originals and transform values practically lack formulas that allow one to define the original
based on the obtained transformant-based solutions using fractional-order derivatives. Applying the
generalized Efros theorem [25] involves significant computational complexity and does not always yield
results that satisfy accuracy requirements or technological constraints. Therefore, the paper derives an
analytical expression that enables the identification of originals for transformants with an exponential
form. It is worth highlighting that such a form is characteristic of solutions to boundary-value problems
that describe diffusion and filtration processes, thermoelasticity processes, and so on.

It should be noted that the application of fractional calculus to the mathematical modeling of processes is
associated with several unresolved issues: the problem of choosing the appropriate form of fractional
calculus, the criterion for selecting the order of the fractional derivative is unknown; methods for solving
relevant boundary-value problems that would yield results with guaranteed reliability and accuracy have
not been developed, etc.
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HdocnimxeHHsA nepexiaHUX YaciB B npouecax Andy3ii 3 BUKOPUCTaAHHAM NOXiAHUX
Apob6oBoro nopsgky

Apocnas M'aHuno, AHHa JlsaHue, MNanuna MN’'aHnno

B pobomi nobyoosana mamemamuuna mooenb npoyecy ou@ysii 3 6UKOPUCIAHHAM ROXIOHUX Opob06020 nopsaoky Kanymmo
3a yacom. Po3g’s130k 3a0aui ompumano 6 ananimuuHOMy 6U2nA0i 3 GUKOPUCTAHHA MemOoOi8 KOHMYPHO20 inmeepyeauus. B
AHATIMUYHOMY 8U2NA0I 3HANIOEHO NOBEOTHKY npoyecy Ouysii Ak 0 8cboeo Olanazony Yacie, max i Osk 6eNUKUX MA MAIUX 4ACi8.
Heobxionicms ompumants po3e s3Ky 6 aHanimuyHOMy 6u2isiol NOSCHIOEMbCS MUM, WO MameMamuyHi MOOell Npoyecie 3
BUKOPUCTNAHHS NOXIOHUX OpO6OGUX NOPSIOKIE € OOCUMb YYMAUBUMU 00 3MIHU NOPSOKY NOXIOHOL, @ 3ACMOCYS8AHHS YUCTOBUX
Memooie He 3a8acou 00380sI0Mb 3MEHULY8AMU KPOK Ouckpemu3ayii. Pazom 3 mum, 3 ananizy aimepamypHux odxcepen Clioye,
U0 HeBeNUKAa 3MIHA NOPSOKY Op0O0B0I NOXIOHOT MOdice npusecmu 00 Cymmeeo giOMIHHUX pe3ynvmamie. Tomy eadiciuge 3HayeHs
Mae ompumanis pe3yibmanmy 6 ananimuunii gopmi. Lle 0ozeorums adanmyeamu ma onmumizy8amu OmMpUMaHuil pe3yibmam
€mMocogHo peanvHol iHgopmayii npo npoyec, AKULL MOOETIOEMbCSL.

Keywords — mamemamuune modeniosanns, 0poboge wucients, npoyecu ougysii, Memoou po3e sa3yeanHs Kpatosux 3a0ay,
Memoou meopii GyHKYiT KOMNIEKCHOT 3MIHHOL.
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